ON THE AVERAGE OF A CERTAIN WIENER FUNCTIONAL
AND A RELATED LIMIT THEOREM IN
CALCULUS OF PROBABILITY

BY
M. KAC

1. Introduction. Recently Cameron and Martin(!) have published a series
of papers in which they have evaluated averages of various nonlinear func-
tionals over the Wiener space. Their method depends on an interesting trans-
formation theory which they have developed for this purpose. But their
method proved inapplicable to the evaluation of the average of the functional

(6)) exp {— zfol | x(2) I dt} .

In this paper we shall obtain an expression in closed form which gives the
average of (1) for 2>0. In fact, we shall prove that for 2>0 the average of (1)
is given by the formula

() 2 kjexp {— 8223},
sl
where &), 8, 03, - - - are the positive roots of the derivative of
(2y)”’ (2y)32 (2y)3/2
@) 2o) = 227 (B2 + e (F5))
and
. L
@ = (143 [ " oy /35,260,
0

We are unable to extend this result to other values of 2.
The interest of the result is strengthentd by the fact that it is essentially
equivalent to the following limit theorem:

If X1, Xa, X, - + - is a sequence of identically distributed, independent ran-
dom variables and if(?)

Presented to the Society, September 17, 1945; received by the editors August 14, 1945.

(1) See for instance Evaluation of various Wiener integrals by use of certain Sturm-Liouville
differential equations, Bull. Amer. Math. Soc. vol. 51 (1945) pp. 73-90, where further references
are given.

(®) Whenever convenient we follow the physicists in denoting by R the average (mathe-
matical expectation) of R. We also use the customary symbol E(R).

401



402 M. KAC [May

X;=0, X =1,
then the distribution function of »
| X1+ X+ X+ 4 X4 + X

nd/2

®)

approaches, as n— «, a limiting distribution function o(a) whose Laplace trans-
Jorm

f e**do(a) (z>0)
0
is given by formula (2).

We have not succeeded in finding a reasonably simple formula for a().
It may be worthwhile to sketch here briefly the procedure followed in this

paper.
1
f | 2(2) | ds
0

Since
is known to be a measurable functional over the Wiener space, it possesses
a distribution function o(a) defined as the Wiener measure of the set of those

functions x(¢) for which .
f | 2(8) | dt < a.
0

It then follows by a simple argument that the limit theorem stated above
holds if the X’s are assumed to be normally distributed. We next show without
the assumption of normality that the distribution function of (5) approaches
o(a) at each continuity point of o(a). Hence for X's distributed arbitrarily
(apart from satisfying the conditions of the theorem) we have

limE(exp {—”—f/—z(lel+|X1+'X,|-|;...'+[X1.|_ +X,.|})

n—0

© - f " e eda(a).

We then introduce the crucial idea which consists in assuming

6 Prob. {X; < a} = 2—mf e ?Muldy G=1,2--+)

—c0

in which case the average

®) A,,(z)=E(exp {-n—:-’(lxd +]| X+ X+ | Xt - +X..I)})
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can be explicitely calculated in terms of Bessel functions. The passage to the
limit is then carried out directly using some rather delicate results from the
theory of Bessel functions of high order.
The explicit.calculation of (8) depends on solving a certain integral equa-
tion. '
2. Preliminary considerations. Since the elements of the Wiener space are
continuous we have"
k
()
n

j;l[x(t)|dt=limii

1o N jal

-and hence the distribution function of

L3l(2)

N k=1
approaches the distribution function o(a) of

f 1 |x(8) | at.
0

Since by the definition of Wiener measure the quantities

) oD)o(2) ()

are independent Gaussian variables each having mean 0 and standard devia-
tion 1/#!/2, and since

k 1 2 1 k k-1
()= GG+ + () --(5)
n n n n n n
it follows immediately that if

Gl’ Gzr GB) c

are independent Gaussian variables each having mean 0 and standard devia-
tion 1, then the distribution function of

|G| +|Gi+ G|+ - +[Gi+GCa+ -+ +Gal

nsd/2

)

is the same as that of :
1 n

EFGI

Thus the distribution function of (9) approaches a(a).
We now show that if X;, X,, Xj, - - - are independent identically dis-
tributed random variables such that
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X;=0, X:=1,

)

then the distribution function of
| Xo| +| X+ X+ -+ X4 -+ + X

ndiz

approaches o(a) at each point of continuity of the latter. My original proof
of this statement was based on rather tedious moment considerations which
required the assumption that all moments of X ; are finite.

After the writing of this paper was completed Dr. Erdés and myself have
found a way to circumvent the use of the moments. Qur method proved to
be applicable to several other limit theorems and we have recently submitted
our results for publication in the Bulletin of the American Mathematical
Society in a note entitled On certain limit theorems of the theory of probability.
In this note we show, among other things, that if

[ X+ | X+ X+ | X4+ + Xa| <a}

nd/2

(10) Qun(a) = Prob.

then for every integer k=1 and every €>0 one has

Prob. IH1|+...+lHkI<a_e}__0_§nmian”(a)
(11) w wE e
<li < prob, J1Eil o+ H| ¢
= ?ﬁs:‘upQu(a) < Prob. { P <a-+te + TN

where H;=G1+G:+ - - - +Gj and C is a certain constant.

If in (11) we let % approach «, keeping ¢ fixed, we obtain

(e — €) < lim inf Q.(a) < lim sup Qu(e) < o(a + ),
n— o n—ro
provided a—e and a+¢ are continuity points of o(a). Since € can be made
arbitrarily small we have
(12) lim Qu(e) = o(a)
a0

at each continuity point of o(c).

Because of the complexity of the Laplace transform of o(e) it does not
appear to be quite easy to prove that ¢ is continuous for all .

3. Reduction of the problem to solving an integral equation(®). Let
X1, Xs, X3, - - - be independent random variables such that

(®) The procedure used in this section is almost identical with that used by the present
author in his note Random walk in the presence of absorbing barriers, Annals of Mathematical
Statistics vol. 16 (1945) pp. 62-67. This procedure has been used a great deal in statistical
mechanics; see the reference to E. W. Montroll in the note just cited.
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(13) Prob. {X; < a} = 2712 f gy (G=1,2).

We can easily see that
X;=0, Xi=1

Thus in view of considerations of §2 we have

limE(exp {——‘-(lx,|+lxl+xz|+---+|X1+~--+x..|)})

ndi2

= e*2do(a) (z> 0).
°

The reason for selecting the particular distribution (13) is that we are able
to calculate explicitly the average

4.(3) =E(exp{—-—z—(|X1l+|X1+Xz| o | X +X.|)}).

”812

We have

A.(z)=2"'/’f-:--- f_:exp{——z-dx:l +oeoo ot +x,.|)}

ndi2
exp { = 2| m| +]aa| + - - +[mD}dar - - daa,
Making the change of variables
y1= 212y, g2 = 22w + x2), 0 00, Ya = 23w+ - - - + 20)

we see that

1 e o . ~
(14) An(2)=_2_;f-w...fwexp {_2,,2”,,2(Iy1l+iyzl+“-+|y.|)

cexp {— (|l + ]y =3l 4+ + ]9 — yaal)}dy1- - - dya
Let 8=2/(2n)¥? and

K(s, ) = eflelg=le—tlg81e1/2,
We see that the integrand of (14) is equal to
K(0, y1)K(y1, y2) - - + K(yn-1, yn)eflual.
Denoting by Aj, Mg, As, - - - the eigenvalues and by fi(s), fa(s), fs(s), + - - the
normalized eigenfunctions of the integral equations

(15) % f_:e-m-le-lr-ue—mu 1(t)dt = (),

we find easily that
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2
T (2n)3e

(16) 4,0 = 25,0 [ soenna, g
Je1 —00
The problem is now reduced to finding eigenvalues and eigenfunctions of
the integral equation (15).
4. Solution of the integral equation. In a recent paper(*) Mr. M. L. Jun-
cosa discusses an analogous integral equation

f Cete iRty dt = M(O) (s 2 0)

‘which I have encountered in some researches on random noise in radio re-
ceivers(®). His calculations are applicable here with only minor modifications,
and it seems therefore sufficient to just state the result.

Let 71, 73, 73, - - -+ be the positive roots of Jis(x) =0 and #; ¥, 4, - - - the
positive roots of

Tis(%) = 0;
then the eigenvalues of (15) are
1/(nB)%, 1/(tB)% 1/(r:B)* 1/(B)?, -
and the corresponding eigenfunctions are
sign sTyp(rieBlel)eBlol Ty p(tieBlel)e Bl

) PRI

M1 Nl

where M;, Ny, - - - are normalizing factors.
Noticing that the eigenfunctions corresponding to 7y, 7z, - - - are 0 for
s=0, we see that (16) can be written in the form

Jus(t;) f Jus(tjeBlel)e—2810lds

ad 1
An(s) =
@ =2 G N?

We have

o 2 1
f Jys(tjeBlel)e=$1slds = _Ef xJys(tx)dx,
—0 0

1
g

2 ® 9 2 Y 1 2
N; =f Jup(tieBl*)e=lelds = _ﬁ-f xJyp(tx)dx = r 1- Jue(t;)
—00 0

(*) Duke Math. J. vol. 12 (1945) pp. 465-471.
(®) A paper on this subject is being prepared for publication in the Physical Reviews by
Dr. A. J. F. Siegert and the present author.
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and hence .
° 1 f xJ1p(t %) dx .
. 0 ,
¢%)) An(2) = 2,_):“; G 7 y B= G
(1 - E; Jys(t5)

5. Auxiliary facts about Bessel functions. In order to find the limit of
An(3), as n— o, we need varioi;s formulas and estimates involving Bessel
functions. Some of the results appear to be new and may be of independent
interest.

In this section constant references are made to the old edition of Watson's
standard treatise Theory of Bessel functions and these references are made in
text by giving in parentheses the page and sometimes the number of the
formula.

I. For y=20 we have

(18)  lim A+ ) = (Zy)m{ (2 m) Jl,s((‘zys)m)},

the convergence being uniform in every finite y-interval. This fact follows al-
most immediately from Watson’s formula (252 (5)) which states that for

0=<t<mw/4one has
3
an & cos {v (tanz - tar; ¢ —_ 5)}

3
v tan® £ v tand £
'[J_m(, 3 )'l' J{/s( 3 )]
tan? £
+ 3-Y/2 tan ¢ sin {v(tan E— 3 - £)}
tan? tan3? 240
[ (5 ‘) ()]

=<1

J,(vsec ) =

where

In fact, putting
secf =14 y/p23

we have
(2912
pl/3

tan £ = (sec? ¢ — 1)12~

and our assertion follows from the elementary facts that

pl/3 tan £ — (2y)1/2
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tand £
v(tang— 3 - E)—)O,

and that both limits are approached uniformly in finite y-intervals.
II. Let 1, 73, vs, - - - be the positive zeros of

and

@) (@Y (29"

(19) P(y) = 2 {f-lla( 2 2) +J m( ? ’>}
3 3 3

and 8y, 8, - - - the positive zeros of the derivative P’(y); then

(20) r;=»v+ ypt/s 4+ o(y1/3), ti=v+ dpt3 4 o(»1/3).

Considerably more seems to be known. Watson, for instance, shows that
o(»'3) can be replaced by O(»~'/3) but he carries out the proof only for j=1.
Jahnke and Emde cite asymptotic formulas for 7y, 73, 75 and ¢;.

For the sake of completeness we give the proof of (20) especially since it
follows rather easily from (18).

Let €>0 be such that P(y1—e€)P(v1+¢€) <0 and P(y:—e)P(ys+¢€) <0. If
we define P(0) as the limit of P(y) as y—0 (this limit can be easily seen to
exist) and denote by u(e) the greatest lower bound of |P(y)| in the set con-
sisting of the two closed intervals (0, y1—¢), (y1+¢€, y2—¢), then choosing »
large enough so that

| 9137, + 113 — P(y)| < min (u(e)/2, | Ply1— €| /2,
| Pya+ /2, | Plya— | /2, | Ply2+ 9| /2)

for 0<y=<+v:+e¢, we see that a root of J,(»+y»/%) must lie in (y1—e¢, v1+¢),
another root in (y2—e¢, v2+¢€), and no root falls within (0, y;—¢€) and (vi+e¢,
4s—¢). If more than one root would lie in either (yi1—e¢, y1-+¢€) or (ya—¢,
w31+ ¢€) we should get a contradiction with the well known fact that differences
between consecutive roots of J,(x) for »>1/2 form a decreasing sequence.
It follows that r, falls within (y;—e¢, v1+¢€) and r; within (y2—e¢, v2+¢€), pro-
vided » is sufficiently large. This proves the first part of (20) for j=1, 2 and
it is obvious that the reasoning can be extended to all j.
To prove the corresponding statement for the ¢;’s we first notice that

< h <<t <re<---

and
0<H<N<<y: <"

Let €>0 be small enough and such that
| P(3; — )| < | PG)| and |PG;+¢| <|P@E)]|.
Then for sufficiently large v
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P3| 1,00 + (3= )| < 18] T, + 8|

and
3| I, 4 5+ 3 | < »113] I, + 819 |.

Thus a turning point of J,(x) falls within the interval (v4(8;— e€)r'/3,
v+ (8;+€)v13), provided » is sufficiently large. Now, » can be made, if neces-
sary, larger so that also

ria <v+ ‘(5,' — W<y (5;+ 3 < 7y
and since only one turning point of J,(x) lies between r;; and r; we see that
v+ (0;— evB < t; < v+ (84 ewtis

This completes the proof of (20).
III. We have

1 pti 8
@1) lim— [ a7, («)dx = f P(5)dy.

ry—wo Y »
Let x=v+4y»'® and y;=(¢;—»)/»1/3; then

—:- ! xJ,(x)dx. = f

’ 0

vi Y
(1 + —‘:,—3) WIBT,(y + yii%)dy,
14

From (20) it follows that y;—§; as »— « and since »'/3J,(v+y»!/3) approaches
P(y) uniformly in every finite interval, (21) follows.
IV. We have

.1 r 1 .r= Y
lim — 2J,(x)dx = —— ¥2Kys (3 dy

—o v Jo 312

(22)

f Kya(y)dy =§'

31/2

We use Watson’s formula (250 (4))

tanh « 1 v
J,(vsecha) = €xp {v (tanh a+ —tanh®a — a)} Ky (— tanh’a)
31y 3 3

+—30—1exp {v(tanh a — a)},
v

where | 6;| <1. Since this formula is valid for all >0 we can put
sech a = x/v 0=2x2=v

obtaining
" tanh a = (1 — x2/p2)18,
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If we use these expressions in the integral
f xJ,(x)dx
0

and then make the substitution
y = pH3(1 — x2/p2)1I2

we obtain in a perfectly elementary fashion

-i—fo' xJ,(x)dx

1 i \ 1 43 B y o
B 3”’rfo yexp { ( mt3 3 5 tanh )} Ky (—3‘ dy.+iR,

where
3 w3 y bt y
|R|<—2I-; , Y exp vm—ta T ay.

It is quite easy to see that R,—0. Since y2Ky5(y/3) is positive and integrable
in (0, ) and since for each y

ya
exp{ (ym-i-—-;-—-ta h‘;/—s }

. y 1% A\
tmep {o(F5+ 5 2 - ) -

we see that the first part of (22) follows.
It remains to prove that

I\
-

and

1
f Kis(y)dy = 3

31/2

This, however, follows in a few steps from (388(8)).
V. Combining the results of III and IV we get

(23) lim —1- x] (x)dx = ——(1 + 3f P(y)dy)

r—w VY

In the same way it can be shown that

(24) tim — [ a7, (a)dw = —(1 +3 f P(y)dy)

r—0 Y 0

VI. We now need the fact that for x>0 and » >0 the consecutive areas
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bounded by the x-axis and the graph of J,(x)/x form a decreasing sequence.
This can be easily proved using Sturm’s method; it is also contained in a
more general theorem of R. G. Cooke(®).

As an immediate consequence we obtain

(25) 0= f 2 < f "I

x x

By a reasoning entirely analogous to the one used in III and IV we get

lim vj;" J’ix) dx = %(1 + 3f°7' P(y)dy).

Thus an absolute constant 4 exists such that

n J,(x)
v f dx < 4, vz 1,
0 x
and therefore in view of (25) we have for all £ and v21.
t7, A
(26) Oéf (=) dx < —
0 x v

VII. Forall jand »=1 we have
t
@) 0= f 2T, (x)dx < Av.
[}
In fact, writing the Bessel differential equation in the form
d »?
@@+ (2=2) 1) = 0
dx x

and integrating between 0 and ¢; we obtain

fo ! @i = v fo 1D

x

This together with (26) implies (27).
VIII. We have

f ' xJ,(¢;x)dx
. 0 _
A= AT

and for sufficiently large »

121
143 f P(y)dy

28) 35,50)

1
2

(%) Gibbs’ phenomenon in Fourier-Bessel series and integrals, Proc. London Math. Soc. vol. 27
(1928) pp. 171-192, in particular the theorem on p. 178.
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fo ' xJ,(t;x)dx

29 —_— ’
@) = wanay | <€

where C is an absolute constant.
We write

1 1 t
f xT,(t;x)dx  — f xJ,(x)dx
[} 14 []

A —/BLE) @ — L

By (23) the numerator approaches 1/3 of the numerator of the right-hand
side of (28). Since t;=v+8;p13+0(»1/*) and (¢;+v)/v~2 we deduce from (18)
that

1
lim — J,(2,)(6; — v) = 26;P(3)).
r—w VY

Thus (28) follows.
To prove (29) we refer to the known fact (488) that for a fixed y>0 the
numbers ‘

@ =" 7 |
form an increasing sequence. Thus
TR M FAP IR RS s FACNY
and hence
=T vz =) | 7@ | /v

for all j and »>0.
As noticed above

1
lim — (6 — ») | Jo(t2) | = 28:| P(8:))| > 0
r—e0 Y
and hence a positive absolute constant B can be chosen such that for suffi-
ciently large »
= )| T)| /v>B>0.
Combining this with (27) we obtain (29) with C=A4/B.

IX. If
v=1/8 = (2n)%?%/3
we have
(30) lim (82,)*" = exp {55*3}.

n—o

In fact
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Bt; =148y + o(v~23%) = 1 4 §;22/3/2n + o(1/m)

and (30) follows.
X. We finally need the following estimate
31) r; >+ @m)”

for all j and »>0. This result appears to be new and of independent interest.
We prove it using Sturm’s method.
Let r; and r;;1 be two consecutive positive roots of J,(x) and let

£
05=10g-—'} 0;,.1=log—-
14

Obviously 6; and 84, are consecutive roots of #(0) =J,(ve?). It is well known

that _
u'(0) + v2(e?® — 1u(f) = 0.

For 6; <0 <0;41 we have

72(6” -1 < 1'2(620“'l -1 = r:..l -

’ Let v(6) =sin(rj;12—»?)%(0 —0,) and hence
o(6) + (31 — »)0(6) = 0.

We have #(0;) =v(6;) =0 and hence by Sturm’s theorem the root of v(0):which
is next to 6; must be smaller than 6;4,. Thus

051> 05+ ———
(r2,, — 92)102
or

7 i1 ™
75 (P 0

It now follows that

ry i 1 ‘l'j
log — > >
g o W}g (r2 — p2)1r2 (,iz — p2)8i2
2

7; ]

— > ex e

" Y {('f _ 1,2)1/2}
£

2nj 1 2xj
2 > exp r — ,,2)1/2} >1+ (72 — y)112
Lt

H

and since r; >v we have

Hence

which leads immediately to
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;=" > 2’

and (31) follows.
Since ¢;>7;1 (j>1) and #>v we have

t, >y + (2 — 1))2/3 v
If we put
1 (Qn)¥
yp=—=
B z
we obtain

- /
,3:,}>1+<_21'f£1_1_>>“
2n

and hence for n =3
n(n — 1)(n — 2) 2wz(j — 1)2

2» — 7 — 2
(32) (8t 5 > G- D
6. Passage to the limit. Recalling formula (17)
1
f %Jyp(tjx)dx
1 3
4,0 = 2% —— , B
=1 (Bt (1—1/8 t’)-’uﬁ(h) (2m)3/2

we can now find easily the limit of 4,(2), as n— . Using (28) and (30) we ob-
tain formally

8
_ 1+3 [ PO)y
lim 4,(2) = Z exp {— 8,%’/3} 2 .
n—r Fe=1 38}P(6j)

The justification of taking the limit term by term is provided by the estimates
(29) and (32) inasmuch as these estimates clearly imply that for =3 and
j=2 the terms of series (17) are majorized by

72C 1
w3 (j — 1)?
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